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Abstract
We derive the decay rate of piµ atom formation in Kµ4 decay.
Using the obtained expressions we calculate the decay rate of atom
formation and point out that considered decay can give a noticeable
contribution as a background to the fundamental decay K+ → pi+νν¯.
1 Introduction
The elementary atoms formation in particles collisions and decays can give
an unique information on strong interaction dynamics. The determination of
the pionium atom lifetime [1] allows one to get information on ππ scattering
lengths, whose knowledge are crucial for verification of Chiral Perturbation
Theory predictions [2]. The accuracy of scattering lengths determination
from nonleptonic decays [3] K± → π±π0π0 also depends on effects caused by
the possibility of ππ bound state formation [4, 5]. The creation of positro-
nium atoms in π0 Dalitz decay [6] or its photoproduction on extended tar-
get [7, 8]can give information on dependence of interaction on the spin state
of the system and on mechanism of bound state formation.
Since the basic works of Nemenov [9] which stimulated the search of elemen-
tary atoms, the πµ atom has been discovered [10, 11] in the decays of neutral
kaons KL → π+µ−ν .
In the present work we point out the importance of investigation of the πµ
atom formation in the decay
K+ → π+ + π− + µ+ + ν (1)
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(Kµ4 decay). The reason for this looks as follows. In the last years the
great efforts have been done [12] for experimental study of the rare decay
K+ → π+νν¯ with the major goal of determination of the value of Vst , which
is unequally predicted by the theory [13, 14, 15]. At present the experiment
NA42 [16] at CERN SPS is accepted , which plans to collect ≈ 80 events of
this rare decay1. Later on we calculate the probability of πµ atom formation
in the Kµ4 decay and show that branching rate of atom formation is not
much smaller than the branching ratio of fundamental process K+ → π+νν¯.
As a result the process of πµ atom formation can give a certain contribution
as a background to the basic decay K+ → π+νν¯ in the relevant kinematical
regions of experiment NA62.
2 The decay rate of the πµ atom formation
To obtain the decay rate of the πµ atom formation in Kµ4 decay
K+ → π+ + Apiµ + ν (2)
we begin from the well known [17, 18] matrix element of the decay (1) written
in the form of the product of the lepton and hadron currents
M =
GF√
2
V ∗usjλJ
λ =
GF√
2
V ∗usu¯(k1)γλ(1− γ5)v(k2)(V λ − Aλ) (3)
where the axial Aλ and vector V λ hadronic currents:
Aλ = − i
mK
(
(p1 + p2)
λF + (p1 − p2)λG+ (k1 + k2)λR
)
;
V λ = − H
m3K
ǫλνρσ(k1 + k2)ν(p1 + p2)ρ(p1 − p2)σ (4)
Here and later on k, p1, p2, k1, k2 are the invariant momenta of kaon, pions,
muon and neutrino; mK , mpi, mµ are the relevant masses.
Confining as usually by s and p waves and assuming the same p-wave phase
δp for different form factors one has
F = Fse
iδs + Fpe
iδp; G = Gpe
iδp ; H = Hpe
iδp . R = Rpe
iδp (5)
The main goal of experimental investigation [19, 20, 21] is measurements of
the quantities Fs, Fp, Gp, Hp, Rp, δ = δs − δp as a function of three invariant
combinations of pions and leptons momenta spi = (p1 + p2)
2, sl = (k1 + k2)
2
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and ∆ = −k(p1 + p2) [18].
From the other hand to make up the πµ atom in the decay (1) the negative
pion and muon should have a similar velocities. For such kinematic only two
variables are at work, which we choose as spi, sl.
Since the binding energy of the ground state of πµ atom is small [22] ε =
1.6KeV the atom is a nonrelativistic system. According to the general rules
of quantum mechanics, the amplitude of the decay (2) can be written as the
product of the matrix element of the decay (1) taken at equal velocities of
muon and negative pion and the square of the Coulomb wave function at the
origin
M(K+ → π+Apiµν) = Ψ(r = 0)√
2µ
M(K+ → π+π−µ+ν)vpi=vµ (6)
The square of the Coulomb wave function evaluated at the origin summed
over principal quantum number [11]
| Ψ(r = 0) |2=
∑
n=1
| Ψn(r = 0) |2= 1.2
π
(αµ)3 (7)
with α = 1
137
the fine structure constant and µ = mpimµ
mpi+mµ
reduced mass.
Using the well known rules, we obtain for the decay rate of (2)
Γ =
1
(4π)3mpimK
| Ψ(r = 0) |2
∫
| M(K+ → π+π−µ+ν)vpi=vµ |2 dEνdEpi (8)
Integrations in this expression are going over neutrino Eν and positive pion
Epi energies.
To calculate the square of matrix element in (8) we take advantage of the
fact that the bilinear form of lepton current tαβ = jαj
+
β can be written in the
well known form (see e.g. [23])
tαβ = 8
(
kα1 k
β
2 + k
α
2 k
β
1 − (k1k2)gαβ + iǫαβρσkα1 kβ2
)
(9)
This expression has to be contracted with the relevant form of hadronic
current Tαβ . As an example let us consider the convolution of lepton tensor
(9) with the square of the first term of axial hadronic current in (4)
∑
tαβTαβ =
8
m2K
(
2(p1k1 + p2k1)(p1k2 + p2k2)− (p1 + p2)2(k1k2)
) | F |2(10)
Accounting that muon and negative pion which compose atom should have
the equal velocities let us express their momenta through the atom momen-
tum pa and mass ma: p2 =
mpi
ma
pa; k1 =
mµ
ma
pa and introduce the following
3
Lorentz invariant combinations
q1 = 2p1k2 = m
2
K +m
2
a −m2pi − 2mKEa
q2 = 2p1pa = m
2
K −m2a −m2pi − 2mKEν
q3 = 2pak2 = m
2
K −m2a +m2pi − 2mKEpi (11)
As the atom energy in the kaon rest frame is Ea = mK −Epi −Eν the decay
(2) describes by two independent variables, which in our case are the positive
pion energy Epi and neutrino energy Eν .
The expression (10) can be rewritten through the above invariants
∑
tαβTαβ =
4mµ
mam
2
K
q1 (q2 + 2mpima) | F |2 (12)
Calculating in the same way all terms in the contraction of square of axial
and vector form factors with lepton part we obtain for the atom formation
decay rate
Γ(K+ → π+Apiµν) = G
2
FV
2
us
mpi(4πmK)3
1.2α3µ3
π
∫
Φ(Epi, Eν)dEpidEν
Φ(Epi, Eν) = q1(q2 + 2mpima) | F |2 +q1(q2 − 2mpi.ma) | G |2 +m2νq3 | R |2
+ 2(q1q2 − 2m2piq3)Re(FG∗) + 2mµ(maq1 +mpiq3)Re(FR∗)
+ 2mµ(maq1 −mpiq3)Re(RG∗) + m
2
pi
m2a
(
4EνEpiq1 − q21 − 4m2piE2ν
)
×
(
q3
m2pi
| H |2 −2ma
mpi
Re(GH∗ + FH∗)
)
(13)
The integration in this expression is going in the limits
m2K +m
2
pi −m2a − 2mKEpi
2(mK −Epi +
√
E2pi −m2pi)
≤ Eν ≤ m
2
K +m
2
pi −m2a − 2mKEpi
2(mK −Epi −
√
E2pi −m2pi)
mpi ≤ Epi ≤ m
2
K +m
2
pi −m2a
2mK
(14)
The expression (13) is the main result of the present work. It allows one to
calculate not only the decay rate of atom formation in Kµ4 decay, but also
the differential decay rate dΓ
dEpi
, whose knowledge is important for estimation
of background in the basic decay K+ → π+νν¯.
3 Numerical analysis
To calculate the atom formation decay rate using expression (13) one has to
know the hadronic form factors. Accounting that hadronic form factors in
4
Kµ4 and Ke4 decays are the same we take for three form factors F, G and H
the standard parametrization [19, 20, 21] with parameters2 from [20].
The axial hadronic form factor R can not be extracted from the experimental
data on Ke4 decay
3. For this quantity we use the theoretical prediction [24]
R = 2
3
F . Substituting these parametrization in (13) and using the value of
Kµ4 decay rate from [25] we obtain for the atom formation probability in the
Kµ4 decay Γ(K
+ → π++Apiµ+ν)/Γ(K+ → π++π−+µ++ν) ≈ 3.7×10−6.
This probability would be compared with the probability of πµ atom creation
in Kµ3 decay [11] ∼ 4× 10−7 and ππ atom formation in the nonleptonic de-
cay [26] K+ → π+π+π− ∼ 8× 10−6.
As was mentioned above the atom formation in Kµ4 decay can serves as
background to the rare decay K+ → π+νν¯ in the relevant kinematical re-
gion. The Standard Model predicts for the branching decay rate (see e. g.
[27]) Br(K+ → π+νν¯) ≈ (0.85 ± 0.07) × 10−10 whereas the branching ra-
tio for πµ atom formation considered in the present work turn out to be
Br(K+ → π+Apiµν) ≈ 0.5 × 10−10. Thus the branching ratio of the decay
(2) considered in present work is comparable with branching ratio of basic
decay K+ → π+νν¯ and so has to be considered as a possible background to
this decay.4
The authors are grateful to V. Kekelidze, D. Madigozhin and Yu. Potrebenikov
for permanent support and useful discussions.
References
[1] B.Adeva et al., J. Phys. G 30, 1929 (2004);
B.Adeva et al., Phys. Lett., B619, 50 (2005)
[2] G. Colangelo, J. Gasser, H. Leutwyler, Nucl. Phys. B603, 125 (2001)
[3] J. R. Batley et al., Eur. Phys. J. (2009)
[4] S. R. Gevorkyan, A.V. Tarasov, O. O. Voskresenskaya, Phys.Lett. B649,
159 (2007)
[5] S. R. Gevorkyan, D. T. Madigozhin, A. V. Tarasov, O. O. Voskresen-
skaya, Phys. Part. Nucl. Lett., 5, 85 (2007)
2The precision of the experimental data [21] are better than in [20], but unfortunately
only relative parameters determining form factors are cited.
3 The term with R in Ke4 decay rate is proportional to the square of electron mass and
can be neglected.
4The corresponding consideration will be done elsewhere.
5
[6] L. G. Afanasyev et al., Phys. Lett. B236, 116 (1990)
[7] L. L. Nemenov, Yad. Phys. 34, 1308 (1981)
[8] S. R. Gevorkyan, S. S. Grigoryan, Phys. Rev. 65A, 022505 (2002)
[9] L.L. Nemenov, Sov. J. Nucl. Phys. 16, 67 (1973);
Preprint JINR P2-5941 (1971)
[10] R. Coombes et al., Phys.Rev. Lett. 37, 249 (1976)
[11] S. H. Aronson et al., Phys.Rev. 33, 3180 (1986)
[12] A. Artamonov et al., hep-ex 0903.0030;
V. V. Anisimovsky et al., Phys. Rev. Lett. 93, 031801 (2004)
[13] G. Buchalla, A.J. Buras, Nucl.Phys. B548,309 (1999)
[14] G. Isidori, eConf C0304052, WG304 (2003)
[15] A. J. Buras,F. Schwab, S. Uhlig, Rev. Mod. Phys. 80, 965 (2008)
[16] G. Anelli, Proposal CERN-SPSC-2005-013
[17] N. Cabibbo, A.Maksymovicz, Phys. Rev. 137, 438 (1965)
[18] A. Pais, S. Treiman, Phys.Rev. 168, 1858 (1968).
[19] L. Rosselet et al., Phys. Rev. D15, 574 (1977)
[20] S. Pislak et al., Phys. Rev. D67, 072004 (2003)
[21] J. R. Batley et al., Eur. Phys. J. C 54, 411 (2008)
[22] R. Staffin, Phys. Rev. D16, 726 (1977)
[23] L.B. Okun, ”Weak interactions of elementary particles” Israel Program
Sci. Translations,1965
[24] M. Knecht, H. Sazdjian, J.Stern, N.M. Fuchs, Phys. Lett. B313, 229
(1993)
[25] C.Amsler et al.(PDG), Phys.Lett. B667, 1 (2008)
[26] Z. K. Silagadze, JETP Lett. 60,689 (1994)
[27] J. Brod, M. Gorbahn, Phys. Rev. D78, 034006 (2008)
6
